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1. Introduction 
The radiative properties of air plasmas are of interest in a wide range of applications, 

including the design of thermal protection systems [1-3], detection of hypersonic missile 
signatures [4-6], astronomy [7], testing and validation of aerothermochemistry models [8], and 
optical diagnostics.  Over the past four decades, space programs have stimulated intense research 
on air plasma radiation, both experimentally [9-23] and theoretically with the development of 
equilibrium [24-36] and nonequilibrium [37-40] radiation codes. 

 
Air radiation modeling involves the determination of population distributions over internal 

quantum energy levels (rotational, vibrational, electronic), and of the radiative contribution of 
each of these levels.  The radiation emitted by the plasma (bound-bound transitions) can be 
formally expressed as , where n,∑i j i ijn R i represents the population of internal level i, and Rij the 
radiation emitted by a transition from level i to any other level j.  The summation extends over 
all internal energy levels i of atoms and molecules, and over all possible transitions from level i 
to j.   

 
Under equilibrium conditions, the internal level populations ni are determined using chemical 

equilibrium and Boltzmann distribution relations that only require knowledge of the temperature 
and pressure.  Thus the radiative part (i.e. the Rij coefficients) of radiation models can be tested 
and validated through comparisons with measurements obtained in equilibrium plasmas.   

 
Under nonequilibrium conditions, the internal level populations are obtained by solving a 

system of rate equations involving all possible reactions between the internal levels of atoms and 
molecules.  This system of equations, often called the Master Equation, is solved by a 
Collisional-Radiative (CR) or Excitation model.   

 
This lecture addresses the topics of radiation and collisional-radiative modeling.  For each 

topic, we begin by giving an overview of appropriate models, then we illustrate the use of the 
models for the interpretation of specific experiments.  Accordingly, the lecture is divided into 
four sections.  Section 2 reviews the approach used in the air plasma radiation model (SPECAIR) 
developed at Stanford on the basis of the NASA code NEQAIR.  In Section 3, we discuss 
experimental validations of SPECAIR through comparisons with the measured absolute emission 
spectrum of an equilibrium air plasma.  Section 4 describes a collisional-radiative (CR) model 
that we developed for molecular nitrogen plasmas.  Finally in Section 5 we illustrate how the CR 
model can be applied to analyze the nonequilibrium radiation emitted by a recombining nitrogen 
plasma.   
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2. Air radiation modeling 
2.1.  Electronic spectra of atoms 

2.1.1.  Quantum states 

The energy states of an atom are obtained from the time-independent Schrödinger equation: 
Ĥ EΨ = Ψ  

where  represents the Hamiltonian operator, E the total (kinetic + potential) energy of the 
atom, and ψ the wavefunction of the given state.  The square modulus |ψ|

Ĥ
2 of the wavefunction 

corresponds to the probability density of finding the atom in the given state.  The Schrödinger 
equation admits only discrete solutions (eigenvalues) which are the quantized energy states.   
 

Individual electrons are characterized by five quantum numbers: 
n principal quantum number: 1,2,… 
l orbital quantum number: 0,1,…,n-1  (noted s, p, d, f,…) 
ml orbital magnetic quantum number: 0, ±1, …, ±l  (2l+1 values) 
s spin quantum number: ½ 
ms magnetic spin quantum number: ½, -½ 
 
A wavefunction for a one-electron system system is called an orbital.  The set of orbitals 

having the same principal quantum number n is referred to as a shell, and the set of orbitals with 
the same n and l is called a subshell.  The subshells are referred to as 1s, 2s, 2p, 3s, 3p,… 
According to the Pauli exclusion principle, a subshell nl may contain at most 2(2l+1) electrons.  
The number of electrons in each subshell is indicated with a superscript to the subshell 
designation.  According to the building-up principle, the ground state configuration of atomic 
nitrogen (which has a total of 7 electrons) can be written as: 

N:  1s2 2s2 2p3 
If one of the 2p electrons is excited to a higher subshell, for instance 3s, the configuration of 

the excited electronic level is 1s2 2s2 2p2 3s. 
For the majority of electronic transitions in common atoms, the orbital angular momenta of 

individual electrons are strongly coupled to one another, and similarly, the spins of individual 
electrons are also strongly coupled.  The resultant angular momentum J is formed by vector 
addition of the resultant (i.e. summed over all electrons) spin, denoted by S, and the resultant 
orbital angular momentum denoted by L.  This situation is called LS coupling.  L takes the 
values 0, 1, 2, 3… and is denoted by the capital letters S, P, D, F,…  For each configuration, 
there exist several possible energy levels called the terms.  Each term, written as 2S+1L, 
comprises a multiplet of electronic levels, each with a total angular momentum quantum number 
J = L+S,…|L-S|.  The multiplet terms are written as 2S+1LJ.  The degeneracy of each 2S+1LJ level 
is equal to 2J+1, which corresponds to the 2J+1 Zeeman states (degenerate in the absence of a 
magnetic field).  As an example, Figure 1 shows the terms of atomic nitrogen in the 1s2 2s2 2p2 
3s configuration.   
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Figure 1.  Electronic energy levels of atomic nitrogen in the 1s2 2s2 2p2 3s configuration 
 

2.1.2.  Electronic transitions in atoms 

We now consider the possible transitions between two electronic levels written as n'l' 2S'+1L'J' 
and n"l" 2S"+1L"J".  (It is usual to designate upper levels with a prime, and lower levels with a 
double prime).  Note that we consider only electric dipole transitions here (electric quadrupole, 
magnetic dipole, and magnetic quadrupole transitions are much weaker and generally not 
observed in emission).  Selection rules issued from quantum mechanical considerations stipulate 
which transitions are allowed (as opposed to “forbidden” transitions that are weak).  These rules 
are: 

• ∆n anything 
• ∆l ±1 
• Parity must change (terms of odd parity are indicated by superscript o, e.g. 4So in Figure 

2) 
In the case of LS coupling, we have the additional rules: 

• ∆S 0 
• ∆L 0,±1 (except L = 0 ↔ L = 0) 
• ∆J 0,±1 (except J = 0 ↔ J = 0) 

As an illustration, Figure 2 shows the allowed transitions between the (3p 4So) and (3s 4P) terms 
of atomic nitrogen.   

 
The difference of energy between levels can be expressed in various forms. 

airE h hc hc/ hc / airν ν λ λ∆ = = = = , 
where h is Planck’s constant (6.63x10-34 J.s), c is the speed of light in vacuum (nominally 
3.0x108 m/s), λ is the wavelength of the radiation.  Spectroscopists traditionally express the 
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energy difference with ν in cm-1 (ν  is called the wavenumber).   If the wavelength is measured 
in air, the wavelength must be corrected for the index of refraction of air at that wavelength.  In 
the UV-Visible range, the correction is of the order of 0.1 nm.   
 

1s  2s  2p  3s ( P)2 42 2
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74
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Figure 2.  Allowed electronic transitions between the 3p 4So and 3s 4P terms of N.  (Note that we indicate the 
wavelengths in air).   

 
2.1.3.  Line broadening 

Atomic transitions do not appear as Dirac lines in the spectrum, but rather are spread over a 
narrow range of frequencies defined by the lineshape function, Φ(ν-ν0), where ν0 designates the 
line center.  The lineshape is determined by a combination of line broadening mechanisms that 
include Doppler, natural, pressure, and Stark broadening.  For molecular transitions, another 
possible mechanism of broadening is predissociation broadening.  Doppler broadening leads to a 
Gaussian profile, and the other three mechanisms lead to a Lorentzian profile.  The combination 
of the Gaussian and Lorentzian profile is a Voigt profile.  A full discussion of the lineshape 
broadening is beyond the scope of this lecture, but interest readers can find more details in a 
number of sources, including Ref. [41]. 
 
2.1.4.  Spectral emission coefficient for atomic transitions 

The spectral emission coefficient due to a transition between upper electronic level u  to 
lower electronic level l is: 

 ( ) 0( ) ( )
4

ε ν = − Φ ν − ν
π
ul

u u l
An E E  (1) 

where nu is the population of the upper level, Aul  is the Einstein A coefficient for spontaneous 
emission, Eu and El  are the energies of the upper and lower levels respectively, and Φ(ν-ν0) is 
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the lineshape function.  Note that Eu–El  = hν0.  The spectral emission coefficient is often 
expressed in units of [W.cm-3.sr-1.µm-1]. 
 

For electric dipole transitions, the Einstein coefficient itself can be expressed as [42]: 
4 3

2
3

0

64
3

ul ulA
hc

π ν
µ

ε
=  

where ε0 is the permittivity of free space and is the transition dipole moment.  It is clear from 
this equation that Einstein A coefficients tend to be largest at short wavelengths. 

ulµ

 
The population nu of the upper state can be either obtained from collisional-radiative 

calculations, or calculated from the following relation if the electronic levels follow a Boltzmann 
distribution at temperature T: 

( )
( )

exp
exp

u u
u A

i i
i

g E kT
n n

g E kT
−

=
−∑

 

where gu = 2J+1 is the degeneracy of the electronic level, and nA is the total population of the 
atom.  The term in the denominator is called the electronic partition function and is usually 
denoted by Qel.  If the gas is in Local Thermodynamic Equilibrium, then the electronic levels 
follow a Boltzmann distribution at the gas temperature Tgas.  
 
2.1.5.  Spectral absorption coefficient for atomic transitions 

The spectral absorption coefficient, typically expressed in units of [cm-1], is related to the 
spectral emission coefficient as follows: 

( ) ( ) ( )k Bν ε ν ν=  
where Bν is the Planck function defined as: 

( ) ( )
3 22 /

exp 1
h cB
h kT
ν

ν
ν

=
−

 

2.1.6.  Atomic databases 

The previous discussion was meant to introduce the reader to the various parameters that 
enter the calculation of the spectral emission coefficient.  In practice, it is not necessary to 
calculate Einstein coefficients or energies, nor to determine the applicable selection rules, 
because extensive databases exist for the electronic transitions of atoms of common interest (see 
http://cfa-www.harvard.edu/amdata/ampdata/amdata.shtml for a list of available databases).  For 
air species in particular (N, O, C), the interested reader is referred to the 1996 NIST ASD 
database published in Ref. [43] (online version: [44]). 

   

 8 

http://cfa-www.harvard.edu/amdata/ampdata/amdata.shtml


2.2.  Electronic spectra of diatomic molecules 

2.2.1.  Electronic states 

We now turn our attention to the modeling of molecular spectra, and more specifically the 
modeling of transitions between electronic levels of diatomic molecules.  The notations parallel 
those for atoms, as illustrated in the potential energy diagram of N2 shown in Figure 3.  We will 
begin by reviewing the definitions of electronic terms. 

 
As can be seen from Figure 3, term energy levels are denoted by X1Σu

+, A3Σu
+, B3Πg,…The 

general notation is: 
2 1S+ Λ  

where S is the quantum number associated with the total electron spin, and Λ is the quantum 
number associated with the absolute value of the projection of the orbital angular momentum 
along the internuclear axis.  The quantity 2S+1 is called the spin multiplicity.  The notation is 
preceded by a letter, which is generally X for the ground state, the sequence of letters 
A,B,C,…for states of a given multiplicity, and a,b,c,…for states of another multiplicity.  Λ can 
take the values 0,1,2,3… associated with the Greek letters Σ, Π, ∆, Φ,…   
 

Each electronic state 2S+1Λ is split into 2S+1 spin substates (spin-splitting), and if Λ≥1 (i.e. 
for all states except Σ states) each spin substate is further split into two Λ−substates (Λ-
doubling).  Thus the degeneracy of electronic level 2S+1Λ is given by 

gel = (2S+1) (2-δ0,Λ)  
where δ0,Λ is the usual Kronecker delta.  In summary, the electronic degeneracy is 2S+1 for Σ 
states, and 2(2S+1) for all other states. 
 

Examples of Electronic State Notation 
 1Σ  singlet sigma state S=0, Λ =0, electronic degeneracy g = 1 
 2Π  doublet pi  S=1/2, Λ =1, g = 4 
 3Σ  triplet sigma  S=1, Λ =0, g =3 
 3Π  triplet pi  S=1, Λ =1, g =6 
 2∆  doublet delta  S=1/2, Λ =2, g =4 
 

For molecules with nuclei of equal charges, a subscript (g or u) is placed to the right of the 
term symbol .  This symbol indicates the symmetry of the electronic wavefunction with 
respect to the symmetry operator î, which inverts the coordinates of the nuclei and electrons 
relative to the center of mass of the molecule.  If the electronic wavefunction does not change 
sign with î, the state is noted g (gerade), and otherwise u (ungerade). 

2 1S+ Λ

 
For Σ states, a superscript (+ or –) is added to the right of the term symbol 2 1 .  This sign 

indicates the symmetry of the electronic wavefunction relative to the symmetry operator σ

S+ Λ
v, 
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which corresponds to a mirror reflection through a plane containing the internuclear axis.  If the 
wavefunction does not change sign, the state is denoted Σ+, and otherwise Σ−.   

 
For non-sigma states, one may also encounter subscript (r or i) to the right of the term 

symbol.  This symbol does not indicate a parity property of the wavefunction, but rather whether 
the state is regular (r) or inverted (i).  We will discuss this later.   

 
Finally, it is common to find the notation  to designate the spin substates.  The 

subscript Ω is the quantum number associated with the projection of the total angular momentum 
J along the internuclear axis.  Note that this notation parallels the designation  for atomic 
levels.  For a diatomic molecule, the total angular momentum exclusive of nuclear spin is the 
vector sum of orbital (L), spin (S), and rotational (R) angular momenta, J = L + S + R.  The 
projection of R along the internuclear axis is of course zero, the projection of L is Λħ units of 
angular momentum, the projection of S is Σħ, and the projection of J is Ωħ.  For a 

2 1S+
ΩΛ

2 1S
JL+

2Π state 
(Λ=±1,Σ=±1/2), Ω takes the values 3/2, 1/2, -1/2, and –3/2.  It is customary to simply denote the 
spin substates with |Ω| and to distinguish the substates corresponding to positive or negative 
Ω  by their parity.  For parity designation, we use the (e,f) labeling scheme recommended by 
Brown et al [45].  Thus the four 2Π substates are labeled 2Π3/2,e, 2Π3/2,f, 2Π1/2,e and 2Π1/2,f.  For a 
3Π state (Λ=±1,Σ=1,0,-1), we have 3Π2,e, 3Π2,f, 3Π1,e, 3Π1,f, 3Π0,e, and 3Π0,f.  For a 3Σ state (Λ=0, 
Σ=1,0,-1), we have 3Σ,e, 3Σ,f, and either 3Σ0,e or 3Σ0,f  .  This notation poses a problem when 
S>|Λ|>0.  In this case, the labeling is based on the value of Ω=|Λ| + Σ.  As an example, the eight 
substates of a 4Π state are 4Π5/2,e, 4Π5/2,f, 4Π3/2,e, 4Π3/2,f, 4Π1/2,e, 4Π1/2,f, 4Π−1/2,e.and 4Π-1/2,f. 
 
2.2.2.  Electronic selection rules 

Electric dipole allowed transitions between term electronic levels obey the following 
selection rules: 

• ∆S 0 
• ∆Λ 0,±1  
• u ↔ g  
• Σ+ ↔ Σ+ or Σ−  ↔ Σ− 

 
Figure 4 shows most known electronic transitions of the N2 molecule.  Each electronic 

transition is designated by a name that can be the name of the first researcher(s) to observe the 
transition (e.g.: the Worley-Jenkins transition which corresponds to the c3

1Πu-X1Σg
+ transition of 

N2), a Greek letter (e.g. γ for the A2Σ+-X2Πr transition of NO), or the location where the 
transition appears in the positive column of a glow discharge (e.g. First Positive System for the 
B3Πg-A3Σu

+ transition of N2).  Note that the transitions from excited triplet states to the ground 
state are spin forbidden.  The difference of energy between two electronic levels gives an 
approximate idea of the frequency or wavelength region where the spectra will be observed.   
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Figure 3.  Potential energy diagram for N2 compiled by F.R. Gilmore [46] 

 11 



x 1Σg
−

c' 4 u
1 +Σ

c' 7 u
1 +Σ

c' 6 u
1 +Σ

c  3 u
1Π

c  6 u
1Π

c  5 u
1Π

a' 1Σu
−

a" 1Σg
+

h 1Σu
+

b 1Πu

c  4 u
1Π

o 3 u
1Π

o 4 u
1Π

c' 5 u
1 +Σ

b' 1 +Σu

k 1Πg

A' 5Σg
+

C" 5Πu

B' 3Σu
−

Ly
m

an
-B

irg
e-

H
op

fie
ld

Bi
rg

e-
H

op
fie

ld
 2

Bi
rg

e-
H

op
fie

ld
 1

W
or

le
y-

Je
nk

in
s

C
ar

ro
ll-

Yo
sh

in
o

G
ay

do
n-

H
er

m
an

G
ay

do
n-

H
er

m
an

c-
a

Ogawa-
Tanaka-

Wilkinson-
Mulliken

Ogawa-
Tanaka-

Wilkinson

Saum-
Benesch

Vegard-
Kaplan

Fi
fth

 P
os

iti
ve

C
ar

ro
ll-

Su
bb

ar
am

 1

Carroll-
Subbaram

2

Ka
pl

an
 1

Lo
fth

us

Wilkinson

Tanaka

Lutz
Ka

pl
an

 2

First Positive

Gaydon-
Herman
green

a 1Π g

X 1 +Σ g

y 1Πg
z 1∆g

w 1∆u

A 3 +Σ u

D 3 +Σu

G 3∆g

H 3Φu

W 3∆u

E 3 +Σg

B 3Πg

C 3Πu

C' 3Πu

"Y"

Fo
ur

th
 P

os
iti

ve

G
ol

ds
te

in
-K

ap
la

n

Se
co

nd
 P

os
iti

ve

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16
N2

H
er

m
an

-K
ap

la
n

W
or

le
y

 
Figure 4.  Simplified electronic energy level diagram for N2 with observed transitions (note that certain 

transitions such as the Vegard-Kaplan is not electric dipole allowed and therefore appears only as a very 
weak transition) 

 
2.2.3.  Rovibronic term energies 

Molecular electronic levels are divided into vibrational and rotational levels, and transitions 
will occur between pairs of these levels.  The internal energy of a molecule in a given rovibronic 
level (e,v,J), where the three terms represent the electronic, vibrational, and rotational level, is 
given by: 

N N NevJ e
vibrational rotationalelectronic 

T  = T  + G(v)  + F( )J  

For diatomic molecules such as N2, O2, NO, or N2
+, the typical energy spacing between 

adjacent vibrational levels is of the order of 2000 cm-1, and the typical energy spacing between 
adjacent rotational levels is about 2 cm-1.  The electronic and vibrational term energies are often 
grouped into a single term designated by Tv.  For a general detailed discussion of rotational 
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energy levels, the reader is referred to Herzberg [47], Bernath [48], Steinfeld [49], and [50].  We 
summarize below the various notations used for rotational term substates. 

 
For rotational levels, the (2S+1) spin substates are labeled F1, F2, …F2S+1 and they are further 

defined by their parity.  The parity is an important parameter because it represents the symmetry 
of the wavefunctions and therefore the selection rules for transitions between rovibronic levels.  
As already mentioned, the (e,f) labeling scheme proposed by Brown et al. [45] is employed 
because it is particularly convenient for selection rules.  With these definitions, F(J) is denoted 
by: 

 
For Λ=0 (Σ states): F1,e or f, F2,e or f,… F2S+1,e or f  (total of 2S+1 states) 
For Λ≠0 (Π, ∆, Φ,...): F1,e, F1,f, F2,e, F2,f,… F2S+1,e, F2S+1,f  (total of 2(2S+1) states) 
 
Furthermore, we also associate with each rotational level the quantum number N, which is 

the rotational quantum number exclusive of spin.  Although N is only a good quantum number 
for Hund’s case (b) coupling, there is always a one-to-one correspondence between the rotational 
levels in Hund’s case (b) and any other coupling case, so that a value of N can always be 
assigned.  When J ≥ Λ +S, the spin substates Fi are associated with the following values of N:  

  

1

2

2S+1

F : J = N + S
F : J = N + S 1

F : J = N S


 −


 −

#

For a given value of J (not N!), the Fi substates are always ordered in increasing energy, such 
that F1(J) < F2(J)<…<F2S+1(J). 
 

If the parity (e,f) is not given, it can be determined using the following rules: 
• If [(-1)J × total parity of the rotational level] > 0:  parity is e 
• If [(-1)J × total parity of the rotational level] < 0:  parity is f 
• If J is half integer, substitute (J-0.5) in the above expressions. 

The total parity (+,-) of the rotational levels can be conveniently inferred from the diagrams 
introduced by Herzberg [47], pp. 238-239. 
 

To illustrate, we consider the example of the A3Σu
+ level of N2.  The energy diagram shown 

in Figure 5 is constructed from the diagrams of Herzberg ([47] p. 238).  To first order, the energy 
spacing is determined by N.  The substates are ordered as F1(J)< F2(J)< F3(J).  Note however that 
we do not have necessarily F1(N) < F2(N) < F3(N): in fact, for the A3Σu

+ level of N2 we have 
F2(N) < F1(N) < F3(N).   
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J
Total
Parity

Substate
Designation

(e,f)
ParityN

1 f 1f +0 F (J=1)

1 e 2e −1
2 f 1f−

1 f 3f+
2 e 2e +2
3 f 1f+

F (J=1)
F  (J=2)

F  (J=1)
F (J=2)
F  (J=3)

 
 

Figure 5.  Rotational energy levels of the A3Σu
+ level of N2 (and more generally of any 3Σ+ level). 

 
It remains to relate the substates Fi to the term symbols  for nonsigma substates 

(Λ≥1).  (For sigma states, the association is not made.)  For nonsigma substates, the assignment 
depends on whether the state is regular (r) or inverted (i).  The designation depends on the sign 
of the spin-orbit coupling constant traditionally noted A.  If A > 0, the smallest value of Ω is 
associated with the lowest energy level (i.e. F

2 1S+
ΩΛ

1).  In inverted states, the smallest value of Ω is 
associated with F2S+1.   

 
Consider as an example the B3Πg level of N2, which is a regular Π state because the spin-

orbit constant A is about +42 cm-1.  Using again the energy diagrams of Herzberg ([47] p. 239), 
we obtain the diagram shown in Figure 6. 

 
J J JN N N

0 F (J=0)1e 

F (J=1)1e F (J=1)2e 

F (J=2)1e F (J=2)2e F (J=2)3e 

F (J=3)1e F (J=3)2e F (J=3)3e 

F (J=0)1f  

F (J=1)1f  F (J=1)2f  

F (J=2)1f  F (J=2)2f  F (J=2)3f  

F (J=3)1f  F (J=3)2f  F (J=3)3f  

0 11 1

f
+ e

f f
− −e e

f f
+ +

f
+e e

f f
− −

e

f
−e e

1 2 32 2 2

3 3 32 3 4

3Π1g

3Π0g

3Π2g

e

 
Figure 6.  Rotational energy levels of the B3Πg level of N2 (and more generally of any regular 3Π level). 
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2.3.5.  Rotational selection rules 

With the definitions of the previous section, the selection rules that determine electric dipole 
allowed transitions between pairs of rotational levels belonging to different vibronic levels are: 

• ∆J 0 and e↔f  (except J = 0 ↔ J = 0) 
• ∆J ±1 and e↔e or f↔f 
 
A group of lines with ∆J=−1 forms a P branch, ∆J=0 forms a Q branch, and ∆J=1 forms an R 

branch.  Similarly, letters are also associated with the various values of ∆N (see Table 1).   
 

Table 1.  Letter designations for changes in N and J in a transition 
∆J    −1 0 1    
∆N ... −3 −2 −1 0 1 2 3 ... 
Designatio
n 

 N O P Q R S T  

 
The various branches corresponding to different changes in J and N occurring during the 

transition are based on the letter designations of Table 1, on the Fi assignment of the upper and 
lower substate, and on either J’, J”, N’, or N”.  A typical notation is: 

∆N∆Ji’i” (J’) 

If ∆N=∆J, then the upper letter is not included and if Fi’=Fi”, then only one subscript is included 
(e.g., PP11 is simply noted P1).  An example of transition labeling is given in Figure 7. 
 
 

PQ (5)12

∆ −N = N’ - N” = 1

i’ i”

∆J = J’ - J” = 0

J’

J”=4 F  3f

J”=5 F2e N”=5

N’=4B , v’3Πg

A , v”3 +Σu

J”=6 F  1f

F1e 

F1f J’=5

P Q
(5

)
12

P
R

(5
)

13

P
(5

)
1

 
Figure 7.  Allowed transitions between two sets of rovibronic levels belonging to the N2 B and A states.  There 

is a total of 27 branches for 3Π-3Σ transitions. 
 
The energy change during a transition is usually more closely associated with ∆N than with 

∆J.  Therefore, the form of the branch is also primarily controlled by ∆N.  Hence, the PQ12 
branch is called the P form Q branch.  For transitions with ∆Λ=0 (e.g. Σ−Σ, Π−Π transitions), the 
P and R branches are intense, and the Q branch is weak.  For ∆Λ = ±1, the P,Q, and R branches 
have comparable intensities.  The strength of each branch is determined by the rotational line 
strength factor discussed in Section 2.3.7. 
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2.3.6.  Example:  Rovibronic term energies of the A3Σu

+ and B3Πg states of N2 

The N2 B3Πg-A3Σu
+ transition, also called the first positive system of N2, has been the subject 

of extensive spectroscopic investigations using Fourier-transform spectrometry, in particular by 
Roux et al. [51, 52] who determined molecular parameters for the array of vibrational levels 0 ≤ 
vA ≤ 16 of the A3Σu

+ state and 0 ≤ vB ≤ 21 of the B3Πg state by fitting wavenumbers calculated by 
diagonalizing upper and lower state Hamiltonian matrices to experimental wavenumbers.  The 
SPECAIR model is based on these results.  Rotational term energies and line positions for the B 
and A states of N2 are determined by diagonalization of the 3Π and 3Σ+ Hamiltonians given in 
Ref. [51], respectively.  Effective term energies and molecular parameters for levels 0 ≤ vA ≤ 16 
and 0 ≤ vB ≤ 21 are taken from Refs. [51] and [52].  The matrix elements have the following 
expressions: 

 
 

Matrix elements of the 3Σ+ Hamiltonian in a parity case (a) basis set for N2 (Table 2, Ref. [51]) 

( ) ( ) ( ) (3 3 * * * 2 3 2
0 0

1 1 1 2 2 2 8 4 18 28 82 ε α γ+ +

Σ Σ ΣΣ Σ Σ Σ
 Σ Σ = − ± + + − − + + + + + + ∓ eff eff eff eff eff

H T B x D x x H x x )x  

( )( ) ( )( )( )3 3 * * 2 3
1 1 2 1 1 2 1 1 3 2ε γ+ +

Σ Σ ΣΣ ΣΣ
Σ Σ = + + − − + + + +∓ ∓eff eff effeff

H T B x D x x H x x2 x  

( ) ( ) ( )3 3 * 2
0 1

1 1 1 2 4 1 6 20 82 γ+ +

Σ ΣΣ Σ
 Σ Σ = − − − + + + + ∓

eff eff
H x B D x H x x  

Notes: 
1.  Upper and lower signs refer to e and f levels respectively 
2.  x=J(J+1).   
3.  Table 2 of Ref. [51]) has erroneous factors (1 ± 1) instead of the correct (1 ∓  1) factors for the <3Σ1

+ | H | 3Σ1
+ > 

matrix element (Private communication, F. Roux, 1997).  The above table has the correct signs  
 
 

Matrix elements of the 3Π Hamiltonian in a parity case (a) basis set for N2 (Table 1, Ref. [51]) 

( ) ( ) ( ) ( ) ( )

( )

3 3 * * 2
0 0

3 2

1 11 1 1 14 2

9 9 1

ε αΠ Π Π Π Π Π Π ΠΠ Π

Π

Π Π = − + ± + + + + ± + − + − + +

− + + +

eff eff eff eff
H T A B x q x q p A x D xD

H x x x

4 1x
 

( ) ( ) ( ) ( ) (3 3 * 2 3 2
1 1

1 12 1 1 1 6 3 154 2εΠ Π Π Π Π Π ΠΠ
Π Π = − + + + ± + + − + − + + − +eff eff

H T B x q x q p D x x H x x x )5 5  

( ) ( ) ( ) ( ) (3 3 * 2 3 2
2 2

13 2 3 4 5 3 54εΠ Π Π Π Π Π ΠΠ
Π Π = + + + − + − + − − − + + − + −eff eff eff

H T A B x q x A x D x x H x x xD )7  

( ) ( ) ( ) ( )3 3 21 1 1 1 1 1
4 2 8 4 2 20 1 2 1 3 10 1γΠ Π Π Π Π Π Π

 Π Π = − + ± + ± − − + − + + − DH B q p A D x H x x 2x  

( ) ( )3 3 1
40 2 2 2 3 1Π Π Π

 Π Π = − − − − ∓H D q H x x 2x  

( ) ( ) ( )3 3 21 1 1 1
4 8 2 21 2 2 1 3 2 3 2γΠ Π Π Π Π Π Π

 Π Π = − + + + − − − + − + − DH B q p A D x H x x 2x  

Notes: 
1.  Upper and lower signs refer to e and f levels respectively 
2.  x=J(J+1).   
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The energy of a given rovibronic level (e,v,J) is calculated by diagonalizing the upper and 
lower state Hamiltonians given by the following matrix expressions: 

 
A3Σu

+ State Hamiltonian B3Πg State Hamiltonian 
3 3 3 3

0 0 0 1

3 3

1 1

+ + + +

+ +

Σ Σ Σ Σ

Σ Σ

 
 
 
 

H H

Hsym
 

3 3 3 3 3 3

0 0 0 1 0 2

3 3 3 3

1 1 1 2

3 3

2 2

Π Π Π Π Π Π

Π Π Π Π

Π Π

 
 
 
 
  
 

H H H

H H

H

sym

sym sym

 

 
The matrices are diagonalized for each rotational level J and for each (e,f) parity case.  For 

the A3Σu
+ state, we obtain three term energies for each J.  These values are assigned to the F1, F2, 

and F3 substates by noting that F1, F2, and F3 are always ordered by increasing energy for given 
J.  From Figure 5, we know that F2 is of parity e, and F1 and F3 are both of parity f.  F1f(J) and 
F3f(J) correspond to the smallest and largest eigenvalues, respectively, of the Hamiltonian 
calculated for the case of f parity.  For the case of e parity, the 3 3

0 0

+ +Σ ΣH e  matrix element is 
zero, and F2e(J) is simply equal to 3 3

1 1

+ +Σ ΣH e . 
 
For a given J level of the B3Πg state, the Hamiltonian matrix has three eigenvalues in the e 

parity case.  These values are ordered by increasing energy and are then assigned to F1e, F2e, and 
F3e.  A similar treatment is applied to the eigenvalues obtained in the case of f parity. 

 
2.3.7.  Spectral emission coefficient for molecular transitions 

The spectral emission coefficient due to a transition from upper rovibronic level (e’,v’,J’) to 
lower rovibronic level (e”,v”,J”) is expressed using an expression similar to Equation (1): 

 ( )e'v'J' e"v"J"
e'v'J' e'v'J' e"v"J" 0( ) ( )

4
An T T−ε ν = − Φ ν − ν

π
 (2) 

where ne’v’J’ is the population of the upper level, Ae’v’J’−e”v”J” is the Einstein A coefficient for 
spontaneous emission, Te’v’J’ and Te”v”J” are the energies of the upper and lower levels 
respectively (Te’v’J’−Te”v”J” = hν0 ≅ hν) and Φ(ν-ν0) is the lineshape function. 
 

The Einstein coefficient itself can be expressed as: 

 
4 3 2

e'v'J' e"v"J" e'v'J'-e"v"J"3
0

64
3

A
hc

π ν
µ

ε
− =   

where ε0 is the permittivity of free space and is the transition dipole moment.  The 
Einstein A can be expressed as: 

e'v'J'-e"v"J" µ

 
( )( )

4 3
2v'v" ' "

e'v'J' e"v"J" 3
0 0, '

64
2 ' 13 2 2 1

J J
e

SA
Jhc S

π ν

ε δ
−

Λ
=

+− +
R  (3) 
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where SJ’J” is the so-called rotational line strength and 22v'v" v ' v"eR R= e  is the square of the 
electronic-vibrational transition moment.  In the foregoing expression v '  and v"  are the 
vibrational wavefunctions of the upper and lower state respectively, and 'e eR e eµ= "  is the 
electronic transition moment, equal to the average of the electric dipole moment µe with respect 
to the upper and lower state electronic wavefunctions 'e  and "e . 
 

The squared electronic-vibrational transition moment 2v'v"
eR  measures the intrinsic strength 

of a transition from the upper vibronic state (e’,v’) to lower vibronic state (e”,v”).  It is usually 
calculated from ab initio values of the electronic transition moment Re(r), where r is the 
internuclear distance, and from vibrational wavefunctions obtained from RKR potentials (see for 
instance Ref. [53]).  The squared electronic-vibrational transition moment is sometimes 
approximated as: 

( )2 22v'v"
v'v" v ' v"eR R r≅ e  

where v'v" v ' v"r r= is called the r-centroid, and 2
v'v" v ' v"q =  is the Franck-Condon factor.  

In this formulation, |Re|2 measures the intrinsic strength of the electronic transition, and the 
Franck-Condon factor determines how the intensity is distributed among the combinations of 
(v’,v”), also called the vibrational bands. 
 

The rotational line strength factor SJ’J” determines how the intensity is apportioned to the 
possible J” levels or branches.  It is recommended to use the convention of Whiting ([50], p. 81) 
for the electronic transition moment, and accordingly to use line strength factors normalized as 
follows: 

( )( )' " 0, ' "
"

( ") 2 2 1 (2 ' 1)J J
J

S J S JΛ +Λ= − δ + +∑ , 

where the spin multiplicity (2S+1) is the same for the upper and lower electronic states since we 
consider only spin-allowed transitions here.  For spin-allowed transitions, the rotational line 
strength is called the Hönl-London factor.  Hönl-London factors can be found in tabulated form 
in the literature (e.g. Kovacs [54]) or can be calculated from the method described in Refs. [50, 
55-58]).  In SPECAIR, we use Hönl-London factors computed with the numerical code of 
Whiting [56]. 
 

Combining Equations (2) and (3), we obtain: 

 ( )( )
3 4

v'v" 2 ' "
e'v'J' 03

0 0, '

16( ) ( )
2 ' 13 2 2 1

J J
e

Sn R
Jc SΛ

π ν
ε ν = Φ ν − ν

+ε − δ +
 (4) 

The population ne’v’J’ of the upper state can either be obtained from collisional-radiative 
calculations, or calculated from the following relation if the internal levels follow Boltzmann 
distributions at Tel, Tvib, and Trot: 
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( ) ( ) ( )

( ) ( ) ( ) ( )
e'

'
el vib rot

e'v'J'
e

el vib rote,v,J

v ' J'
2J' 1 exp

, ,
v J

2J 1 exp

e

total ef gu

e

G FTg
kT kT kT

n n L J P P
G FTg

kT kT kT
σ

 
+ − − − 

  ′ ′ ′=
 

+ − − − 
 

∑
 

where σ is a factor equal to 2 for homonuclear molecules and 1 for heteronuclear molecules, ge’ 
= (2-δ0,Λ’)(2S+1) is the degeneracy of the electronic level, ntotal is the total population of the 
molecule, and  is the line alternation factor due to nuclear spin.  Line intensity 
alternation due to nuclear spin in homonuclear diatomic molecules has been treated in detail by 
several authors (see for instance Herzberg [47], Whiting et al. [40], Hornkohl [58]).  The line 
alternation factor L(J,P

( , ,ef guL J P P′ ′ ′ )

ef,Pgu) is equal to 1 for heteronuclear diatomic molecules and to the values 
listed in Table 2 for homonuclear diatomic molecules.  Table 2 expresses the line alternation 
factors in terms of the (e,f) parity doublet labeling scheme. 
 
Table 2.  Line intensity factors for homonuclear molecules.  The quantities Pef, Pgu, and J* are defined as 
follows:  Pef = 1 if the upper level of the transition is of e parity, −1 if it is of f parity.  Pgu = 1 if the upper 
electronic state is gerade, −1 if ungerade.  J* = J for J integer, J* = J−1/2 for J half integer, where J is the 
rotational quantum number.  I is the nuclear spin (equal to 1 for 14N, and 0 for 16O and 12C). 

Line Intensity Factor, L(J,Pef,Pgu)  
Pef×Pgu×(-1)J* I integer I half integer 

1 ( ) ( )1 2 1I I+ +  ( )2 1I I +  
−1 ( )2 1I I +  ( ) ( )1 2 1I I+ +  

 
 

3. Experimental validation of the SPECAIR code 
3.1.  Introduction 

Developed at NASA Ames Research Center over the past three decades, the NEQAIR code 
[38] combines a line-by-line radiation model [28, 29] and a collisional-radiative model to predict 
the nonequilibrium populations of excited bound electronic states of air species.  Since the 
publication of the original version in 1985, the radiation module of NEQAIR has undergone 
major changes [40].  Both the NEQAIR96 version developed at NASA Ames [40] and the 
SPECAIR version of Stanford [30-35] feature accurate transition probabilities and spectral line 
positions as well as additional radiative transitions.  These improved data are the result of 
significant advances in computational chemistry and Fourier-Transform spectroscopy 
techniques, which have provided a wealth of accurate spectroscopic and transition probability 
data for the main radiative transitions of high temperature air.   

 
The current SPECAIR model incorporates the 33 electronic transitions listed in Table 3.  In 

addition, it comprises 1484 lines of atomic nitrogen from 86.523 nm to 54.83 µm, 856 lines of 
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atomic oxygen from 69.753 nm to 16.71 µm, and 1291 lines of atomic carbon from 94.519 nm to 
12.28 µm.   

 
Table 3. Molecular transitions modeled in SPECAIR with their (very) approximate spectral location.   

VUV 
80–200 nm 

UV 
200–400 nm 

Visible 
400–800 nm 

Near-IR 
800–1.5 µm 

IR 
1.5–6 µm 

N2 b−X (Birge-Hopfield 1) O2 B−X (Schumann-Runge) N2 B−A (first positive) N2
+ A−X (Meinel) NO X-X 

N2 b’−X (Birge-Hopfield 2) N2 C−B (second positive) CN A−X (red)  NO C-A CO X-X 
N2 c4’−X (Carroll-Yoshino) N2

+ B−X (first negative)  NO D-A OH X-X 
N2 c3−X (Worley-Jenkins) NO B−X (β)  NO F-C  
N2 o3−X (Worley) NO A−X (γ)   NO E-C  
N2 e’-X NO C−X (δ)  NO E-D  
 NO D−X (ε)  NO H-C  
 NO B’−X (β’)  NO H-D  
 NO E−X (γ’)  NO H’-C  
 CN B−X (violet)   NO H’-D  
 OH (A-X)    
 NH (A-X)    

 
 
Unlike NEQAIR, SPECAIR does not incorporate a collisional-radiative model for excited 

electronic states.  Instead, the populations of emitting vibronic levels (e’,v’) are either calculated 
outside the code, using the collisional-radiative model presented in Section 4 of this lecture, or 
are calculated assuming Boltzmann distributions at Tel and Tvib.  The rotational populations are 
always assumed to follow a Boltzmann distribution at Trot. 

 
An important step in testing nonequilibrium radiation models is to validate their predictions 

for equilibrium plasmas.  In equilibrium plasmas, all populations can be calculated with 
knowledge of the temperature and pressure using chemical equilibrium and Boltzmann 
distribution relations.  High temperature equilibrium plasmas are perhaps most conveniently 
produced with microwave (mw), radio-frequency (rf), or direct-current (dc) plasma torches.  One 
advantage of these devices over shock tubes is that they can operate at atmospheric pressure 
where the high collision frequency promotes fast equilibration (in the current free region outside 
of the discharge and for relatively slow flow rates).  Another advantage is that they produce 
steady-state flows with sufficiently long test-times for thermodynamic characterization 
experiments and spectral measurements.   

 
In our work to validate the SPECAIR code in the spectral range 185–800 nm, we produced 

LTE air plasmas with a 50 kW radio-frequency inductively coupled plasma torch operating at 
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atmospheric pressure.  The existence of LTE conditions at the exit plane of the plasma torch is 
supported by emission spectroscopy measurements of electronic, vibrational, and rotational 
temperatures, and of electron number densities.  The temperature profile at the nozzle exit was 
measured with an accuracy of about ± 80 K, i.e. ± 1%.  The chemical composition and internal 
state population distributions are entirely determined from equilibrium relations based on this 
measured temperature profile.  Line-of-sight emission spectra were measured, corrected for the 
relative spectral response of the detection system, and placed on absolute intensity scales by 
means of sources of spectral radiance traceable to NIST standards.  In contrast to previous 
experiments that had been limited to either NO bands, or N2 and N2

+ bands, the broad spectral 
range (185-800 nm) and high temperature conditions (~7500 K) of the present work afford 
access to the emission of about a dozen electronic systems emitted from molecular species 
including NO, N2, N , CN, and O2 as well as atomic lines of oxygen, nitrogen, and carbon.  The 
calibrated, absolute intensity emission spectra of these well characterized plasmas can therefore 
be used as benchmarks to validate air radiation codes, in particular to test the accuracy of 
transition probability and spectroscopic databases, to determine whether enough radiative 
systems are considered, and to test the convergence of nonequilibrium codes in the limit of LTE. 

2
+

 
3.2.  Spectral measurements 

3.2.1.  Experimental set-up 

The experiments presented here were conducted with a 50 kW rf induction plasma torch, 
shown schematically in Figure 8.  The vertical 5-turn coil torch has a 7.5 cm inner diameter and 
an inner length of 26.5 cm measured between the gas injection plates and the 5 cm diameter exit 
nozzle, which is located 11 cm above the upper coil.  The flow rate of air injected into the torch 
was approximately 95 slpm, the power delivered to the oscillator plates was 69.0 kW, and the net 
power deposited into the plasma, determined by calorimetric balance on the water cooling 
circuit, was about 27 kW. 

 

 
 

Figure 8.  Torch head schematic. 
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All measurements were made 1 cm downstream of the nozzle exit by means of optical 
emission spectroscopy, using a SPEX model 750M, 3/4 meter, scanning monochromator fitted 
with a Hamamatsu model R1104 photomultiplier tube (see Figure 9).  Two 1200 lines/mm 
gratings blazed at 200 and 500 nm were used to cover the spectral range 185-800 nm.  The 
optical train included either two magnesium fluoride lenses (for measurements in the visible) or 
two spherical mirrors (for measurements in the ultraviolet).  The advantage of spherical mirrors 
over lenses is that they do not create chromatic aberration, which is important to obtain reliable 
absolute intensity measurements.  Absolute intensity calibrations were obtained with two NIST 
traceable radiance standards: a 1 kW Argon Mini-Arc from Arc Applications Research for 
wavelengths between 185 and 400 nm, and an Optronics model OL550 tungsten filament lamp 
between 350 and 800 nm.  Data were acquired using a Stanford Research Systems model SR830 
lock-in amplifier, and transferred to a laboratory computer for processing.  For measurements in 
the range 400-800 nm, second order light from the region 200-400 nm was rejected by means of 
a long pass filter with cut-off at 390 nm inserted in the optical train before the PMT detector.  
 

Collecting Lens
(f = 50 cm)
with Iris

Imaging Lens
(f = 15 cm)

TAFA Model 66
Plasma Torch

LEPEL Model T-50
RF Generator
4 MHz, 50 kW

Axial and Lateral 4-Mirror
Translational System

SRS Model SR540
Optical Chopper

SPEX Model 750 M
0.75 m Monochromator

Hamamatsu R1104 PMT

SRS Model SR510
Lock-In Amplifier

Data Acquistion
Computer

Air

Nitrogen

Hydrogen

Argon

 
 

Figure 9.  Set-up for emission measurements 
 

3.2.2.  Thermodynamic state of the plasma 

The thermodynamic characterization of the plasma was the object of studies [32, 59, 60] 
summarized in this section.  As follows from the electron energy equation in the current-free 
region downstream of the RF coil, the high collision frequency between electrons and heavy 
particles at atmospheric pressure ensures efficient energy transfer and thus equilibration between 
the translational modes of electrons and heavy species.  Therefore, at the exit of the torch where 
measurements were made, the plasma is expected to be close to thermal equilibrium, i.e. the free 
electron and gas kinetic temperatures are essentially equal.   
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Thermalization of the translational modes of electron and heavy particles is not however a 

sufficient condition for the populations of internal energy states of atoms and molecules to 
follow Boltzmann distributions, let alone Boltzmann distributions at a common temperature.  For 
the populations of internal energy states of a thermal plasma to follow Boltzmann distributions at 
a common temperature, the plasma must also be in chemical equilibrium.  Indeed, 
nonequilibrium concentrations of free electrons can cause departures from equilibrium in the 
populations of excited internal states of atoms and molecules owing to collisional-coupling 
between bound and free-electrons [61].  Similarly, nonequilibrium concentrations of atomic 
species may result in nonequilibrium electronic or vibrational population distributions, 
particularly for those molecular excited states that are strongly coupled with atomic species via 
predissociation/inverse predissociation reactions (see Section 5).  Thus, the issue of chemical 
equilibration at the plasma torch exit was carefully examined through modeling of plasma 
recombination.   

 
The air plasma was generated within the RF induction coil region and measurements were 

made 1 cm downstream of the nozzle exit, i.e. ~12 cm downstream of the induction region.  The 
characteristic flow time between the induction region and the measurement plane is estimated to 
be on the order of 10 milliseconds.  The degree of chemical equilibration at the measurement 
location depends on the relative values of the characteristic flow and chemistry times.  To 
determine the characteristic chemistry time, kinetics of recombining air plasmas were modeled 
with the CHEMKIN solver[62] using the 11-species mechanisms of Dunn and Kang [63], Park 
[8, 64], and Gupta et al. [65].  In the induction region the maximum plasma temperature is 
estimated [32] to be ~9,000 K, and the concentrations of atoms and electrons are no larger than 
the corresponding concentrations under chemical equilibrium conditions at 9,000 K.  At the exit 
plane of the torch, the measured plasma temperature varies from ~7,800 K at the center to 
~4000 K at outer radii (see Figure 10).  Most of the radiation is emitted in the central region at 
temperatures above 6000 K.  We modeled the situation of an air plasma initially in chemical 
equilibrium at 9000 K forced to recombine as a result of instantaneous cooling to 6,000 K.  All 
three kinetic mechanisms predict that the time required to reach chemical equilibrium at 6,000 K 
is shorter than one millisecond.  Since the characteristic chemical equilibration time is much 
shorter than the characteristic flow time (~10 ms), flow-induced chemical nonequilibrium at the 
torch exit is unlikely.     

 
The temperature profile was measured using several techniques.  First, we determined “LTE” 

and “Boltzmann” temperature profiles based on Abel-inverted profiles of the absolute and 
relative intensity respectively of five atomic oxygen and nitrogen lines.  As shown in Figure 10, 
the LTE and Boltzmann temperature profiles are close from one another.  Second, a spatially-
resolved rotational temperature profile was obtained by Abel-inverting lateral measurements of 
the NO γ (0–1) band shape, using the technique proposed by Gomès et al. [66].  The measured 
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rotational temperature profile, shown in Figure 10, is also in agreement with the electronic 
temperatures.  Third, a vibrational temperature profile was measured from the relative intensities 
of Abel-inverted lateral profiles of two bandheads of N  (first negative system), the (0–0) band 
at 391.4 nm, and the (2–1) band at 356.4 nm.  As can be seen from Figure 10, the measured 
vibrational, rotational, and electronic temperature profiles are to within experimental uncertainty 
in good agreement with each other.  This supports the assumption that internal energy state 
populations follow a Boltzmann distribution at a common temperature.  This common 
temperature is most accurately characterized by the profile obtained from the 777.3 nm oxygen 
line because the population of the upper state of this transition is very sensitive to temperature 
variations owing to the large energy difference relative to the ground state.  Thus all spectral 
simulations presented in the next sections are based on the LTE temperature profile of the 777.3 
nm O line. 
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Figure 10.  Electronic, vibrational, and rotational temperature profiles in the plasma torch. 

 
 

3.2.3.  Spectral measurements 

The line-of-sight emission spectrum measured along the plasma diameter in the spectral 
range 185 to 800 nm is shown in Figure 11.  The monochromator entrance and exit slits were set 
to 60 and 260 µm, corresponding to a trapezoidal spectral bandpass of base 0.35 and top 
0.22 nm.  The monochromator scanning speed was 0.2 nm/sec.  The accuracy of the calibrated 
spectra is estimated to be ~10% over the entire spectral range except at short wavelengths below 
190 nm where plasma emission is smaller than the signal due to zero-order grating dispersion.   

 
The experimental spectrum contains a wealth of emission features due to electronic band 

systems of N2
+, N2, O2, NO, and CN, as well as atomic lines of carbon, oxygen, and nitrogen.  It 

can be shown [32] that the range of temperatures at which these various systems emit in 
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comparable amounts is very narrow and centered around 7500 K.  At temperatures above 9000 K 
over 90% of the power radiated by air plasmas emanates from atomic lines only, whereas at 
temperatures below 6000 K over 90% of the radiation is emitted by O2 and NO transitions only.  
Thus the temperature range of the present work is optimally suited for high temperature air 
plasma radiation studies.  Since the plasma is close to LTE and since the LTE temperature is 
known accurately, these experimental spectra can be used to benchmark radiation codes. 
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Figure 11.  Measured plasma torch emission spectrum.  The main emission features are indicated. 

 
 

3.3.  SPECAIR model of the plasma torch emission spectrum 

To numerically simulate the measured line-of-sight spectrum, we use the following approach.  
The plasma is divided into 25 equally spaced concentric rings with uniform thermodynamic 
properties.  In each ring, the translational, rotational, vibrational and electronic temperatures are 
set equal to the LTE temperature measured from the 777.3 nm oxygen triplet, and the 
composition is determined assuming chemical equilibrium from a baseline air composition of 
78.084% N2, 20.946% O2, 0.934% Ar, and 0.033% CO2.  The small amount of atmospheric 
carbon dioxide is responsible for the intense CN violet bands observed at 380-390 nm and the 
carbon line at 247.9 nm.    

 
Spectral emission coefficients, ε(λ) (W/cm3-sr-µm), and spectral absorption coefficients 

including stimulated emission, k'(λ) (cm-1), are computed in 50 segments along the diameter of 
the plasma.  The spectral emission and absorption coefficients are calculated between 185 and 
800 nm at spectral intervals of 0.001 nm to resolve the rotational lines whose FWHM is typically 
about 0.01 nm for the present experimental conditions.    
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The line-of-sight spectrum Ilos(λ) is determined either by assuming that the medium is 

optically thin to all radiation, or by solving the radiative transport equation.  For optically thin 
calculations, the spectral emission coefficient in each segment is multiplied by the length x of the 
segment and the total emission spectrum at the exit of the plasma is obtained by adding the 
contributions of all segments.  Spectral simulations taking into account self-absorption are made 
by solving the radiative transport equation: 

 dI
dx

k I( ) ( ) ' ( ) ( )λ
ε λ λ λ= − . (5) 

The spectral intensity In(λ) at the exit of the nth segment is related to the intensity In-1(λ) entering 
the segment by integrating Eq. (5) over the nth segment (wherein thermodynamic properties are 
assumed to be uniform): 

 I
k

k x I kn
n

n
n n n( ) ( )

' ( )
exp ' ( ) ( ) exp ' ( )λ

ε λ
λ

λ λ= − − + −−1 1b g b xλ g

dξ ξ+

. (6) 

The quantities In(λ) are then summed over all segments to provide the line-of-sight emission 
spectrum Ilos(λ).     
 

The predicted line-of-sight spectrum Ilos(λ) [W/cm2-sr-µm] is then corrected for absorption 
by room air due to the bands and continuum of the O2 Schumann-Runge system over the 5 meter 
path length separating the plasma from the PMT.  Finally, the corrected spectrum I’los(λ) 
[W/cm2-sr-µm] is convolved with the slit function S(λ):   

 . (7) 
0

( ) ' ( ) ( )SPECAIR losI I Sλ λ λ
∞

= ∫
ISPECAIR(λ) has units of W/cm2-sr and can be directly compared with the experimental spectra. 
 
 

3.4.  Comparison SPECAIR-Experiments 

3.4.1.  Overview comparison 

An overview comparison between experiment and SPECAIR computations is shown in 
Figure 12.  Good agreement is obtained for the position and intensity of molecular and atomic 
lines.  Some spectral features appear to be slightly underpredicted by SPECAIR, for example the 
N2

+ (0,0) band at 391.1 nm.  It is important to understand that the difference (about 20 %) is well 
within modeling and experimental uncertainties.  For example, the intensity of the oxygen triplet 
at 777.3 nm and of the N2

+ first negative band head at 391 nm change by about 20% if the 
temperature changes by 1%.  The remaining intensity differences are therefore not significant.  
More detailed comparisons between the experimental and simulated spectra are presented in the 
following subsections. 
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Figure 12.  Comparison between the predictions of SPECAIR and the benchmark experimental spectra.  

(simulations include self-absorption, as well as room air absorption below 200 nm) 
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3.4.2.  Range 185-280 nm 

Between 185 and 280 nm, the emission spectrum is dominated by molecular bands of NO 
and O2 and by atomic lines of nitrogen, oxygen, and carbon.  Below 200 nm, the plasma 
emission spectrum is partly absorbed by room air in the 5-meter path separating the plasma from 
the PMT.  Room air absorption is mostly due to the O2 Schumann-Runge bands and continuum.   

 
In the early course of this work [30], comparison of the experimental and NEQAIR spectra 

showed that the numerical spectrum failed to reproduce experimental observations.  Even after 
replacing the transition probabilities and spectroscopic constants of NO β and γ and O2 
Schumann-Runge with more accurate values, the predicted spectrum still underestimated the 
experimental spectrum (Figure 14).  To improve the model, several radiating systems of NO (NO 
δ, ε, β′ and γ') were incorporated into SPECAIR [32].  Figure 15-Figure 18 show the effect of 
incrementally adding these systems.  NO δ and ε produce a large amount of radiation in the 
ultraviolet because their transition strength is approximately 4 times larger than that of NO γ.  
Considered for the first time in radiation models of high temperature air, NO δ and ε were found 
to be major radiators in the ultraviolet.  

 
It may appear surprising that NO δ produces any radiation considering that all levels above 

v=0 and J>4.5 of the emitting C2Π state of this transition predissociate as a result of an 
interference with the a4Π state of NO (see for example Gadd et al[67]).  It can be shown however 
that if atomic species N and O are in LTE, the rate of inverse predissociation balances the rate of 
predissociation and therefore the C state of NO is close to LTE as well [32].  
 

Two additional systems of nitric oxide, NO β’ and γ’, were also incorporated into SPECAIR.  
These systems contribute less than 3% to the total spectrum above 200 nm.  However they have 
non-negligible contributions in the VUV range 150-200 nm as can be seen from Figure 21.  
Additional transitions from even higher Rydberg states of NO may be important in the VUV as 
well.  Future radiation code development should include these systems, in particular the NO F-X 
transition. 

 
The spectrum between 180 and 280 nm features several atomic lines of carbon (247 nm) and 

oxygen.  For optically thin plasmas, the atomic lines below 200 nm produce significant emission 
(Figure 18).  Although these lines are largely self-absorbed, a non-negligible fraction of atomic 
emission escapes the plasma (Figure 19). However, most of the escaping radiation is absorbed 
over the 5-m path of room air.  In the spectrum shown in Figure 20, the only atomic line 
emission not absorbed by room air is the carbon line at 247.8 nm. 

 
The final SPECAIR spectrum accounting for both self- and room air-absorption is shown in 

Figure 20.  Self-absorption amounts to about 10-20% for some of the atomic lines and for the 
intense ultraviolet bands of NO.  The spectrum is plotted versus air wavelengths above 200 nm 
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and vacuum wavelengths below 200 nm.  Room air is practically opaque below 185 nm.  
Between 185 and 280 nm, the experimental and numerical results agree within better than 5%, a 
value consistent with both experimental and modeling uncertainties.  Two anomalies remain 
around 205 and 215 nm, i.e. near the head of the 2-0 and 1-0 NO gamma bands, where the 
measured spectrum appears to be affected by an unidentified absorption feature.  The origin of 
this absorption is unknown to us and will require further investigations.   

 
A summary of the optically thin emission spectra of importance in the range 160-280 nm is 

shown in Figure 21.  As can be seen in the figure, NO γ, δ, and ε are major contributors to the 
molecular radiation in this range, and NO β′ and γ′ radiate in similar proportions as NO β.   
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Figure 13.  NEQAIR spectrum of NO β, NO γ and O2 Schumann-Runge, neglecting self-absorption. 
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Figure 14.  SPECAIR: NO β, NO γ and O2 Schumann-Runge, neglecting self-absorption. 
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Figure 15.  SPECAIR: NO β, γ, δ and O2 SR, neglecting self-absorption. 
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Figure 16.  SPECAIR: NO β, γ, δ,  ε and O2 SR, neglecting self-absorption. 
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Figure 17.  SPECAIR: NO β, γ, δ, ε, β’, γ’ and O2 SR, neglecting self-absorption. 
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Figure 18.  SPECAIR: NO β, γ, δ, ε, β’, γ’, O2 SR and atomic lines, neglecting self-absorption. 
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Figure 19.  SPECAIR: NO β,  γ, δ, ε, β’, γ’, O2 SR and atomic lines, including self-absorption within plasma. 
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Figure 20.  SPECAIR: NO β, γ, δ, ε, β’, γ’, O2 SR and atomic lines, including self-absorption within plasma 

and absorption in 5 m of room air. 
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Figure 21.  SPECAIR predictions of the radiating systems contributing to the measured plasma torch air 

spectrum.  All spectra were computed assuming optically thin conditions. 
 

3.4.3.  Range 280-500 nm 

As shown in Figure 22 and Figure 23, the spectral range 280-500 nm is dominated by 
emission of the second positive system of N2 (C-B transition), the first negative system of N2

+ 
(B-X transition), and the violet system of CN (B-X).  In humid air plasmas (or in air mixed with 
hydrogen), the OH (A-X) and NH (A-X) transitions may also appear around 310 and 330 nm 
respectively.  



In SPECAIR, the spectroscopic models of the first negative system of N2
+ and of the second 

positive system of N2 represent a significant improvement over previously available models.  In 
particular, SPECAIR models perturbations in the rotational lines emanating from levels as high 
as N = 105 in the array of vibrational bands 0 ≤ vX ≤ 7 and 0 ≤ vB ≤ 4 of N2

+, based on the recent 
measurements of Michaud et al [68, 69].  The capabilities of the model for the analysis of high 
resolution spectra were recently demonstrated in Ref. [70]. 

 
As can be seen from Figure 22, the SPECAIR predictions are in excellent agreement with the 

measured spectrum except for a discrepancy around 280 nm where the N2 second positive 
system does not appear to fully explain the observed radiation.  This discrepancy is attributed to 
the presence of an underlying molecular emission of unidentified origin.   

 
For our experimental conditions, self-absorption by the plasma is small but not negligible:  in 

the spectral range 280-500 nm the SPECAIR spectrum computed by solving the radiative 
transport equation is approximately 6% times less intense than the optically thin spectrum.  
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Figure 22.  Comparison of SPECAIR and experimental spectra in range 280-480 nm. 
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Figure 23.  Dominant radiating systems in the range 280-480 nm, as predicted by SPECAIR 

 
3.4.4.  Range 500-800 nm 

The spectral range 500-800 nm is dominated by emission of the first positive system of N2 
(B-A transition) and atomic lines of nitrogen and oxygen.  Several systems of lesser importance 
underlie the total spectrum, including the Meinel system of N2

+ (A-X) and the red system of CN 
(A-X).  Figure 24 shows the contributions of these systems to the total spectrum.  SPECAIR 
incorporates a detailed model of the first positive system of N2, using the spectroscopic models 
and constants of Roux et al. [51, 52].  The first positive system of N2 constitutes the dominant 
part of the spectrum underlying the atomic lines.  Figure 25 shows a close-up comparison of the 
measured spectrum to the predictions of NEQAIR and SPECAIR between 700-750 nm.  It is 
clear that the underlying first positive system is now well modeled. 
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Figure 24.  Radiating systems in the range 500-800 nm, as predicted by SPECAIR. 
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Figure 25. Experimental, NEQAIR and SPECAIR spectra between 700 and 750 nm. 
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3.4.5.  Vacuum Ultraviolet 

Although we have not extended our measurements to the VUV below 185 nm, radiation 
models were incorporated into SPECAIR to estimate the importance of radiative transitions in 
that range.  We already discussed in Section 3.4.2 the various VUV transitions due to atomic 
species and NO beta, gamma, delta, epsilon, beta prime, and gamma prime.  As shown in Figure 
21, the NO transitions are responsible for the bulk of molecular emission at wavelengths longer 
than 140 nm.  

 
At wavelengths below 140 nm, the emission spectrum exhibits several transitions of N2 

including   (Birge-Hopfield 1, or BH1),  (Birge-Hopfield 2, or 
BH2), →  (Carrol-Yoshino, or CY),   (Worley-Jenkins, or WJ), 

  (Worley, or W), and  .  Modeling the radiation due to these 
transitions is complicated by the strong homogeneous interactions between the emitting states.  
Homogeneous configuration interactions are between states with the same projected electronic 
orbital angular momentum Λ, for example either the Rydberg states , , and , or 
the valence states ,  and .  Through these interactions, near-resonant 
vibrational levels of the interacting electronic states borrow intensity from one another.  As 
shown by Stahel et al. [71], the measured Einstein A coefficient of the b-X(5-0) band is 
approximately 12 times smaller than if the b(v=5) state were not perturbed.  Thus it is clear that 
homogeneous interactions must be taken into account for these transitions.   
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In an earlier version of SPECAIR [33], preliminary radiation models were developed for the 

BH1, BH2, and CY systems, but these models accounted for homogeneous configuration 
interactions in very approximate manner.  In the present work, homogeneous interactions are 
modeled rigorously with the method of Stahel, Leoni, and Dressler [71], extended to all 
transitions ending in the first sixteen vibrational levels of the ground state.   

 
Figure 26 shows numerical simulations of the six VUV transitions of N2.  The calculations 

shown in Figure 26 were performed by assuming the plasma to be optically thin.  The optically 
thin emission spectrum of the combined systems is shown as the upper curve in Figure 27.  The 
lower curve of Figure 27 accounts for self-absorption in the plasma.  As can be seen from Figure 
27, radiation emitted below 102 nm is almost entirely reabsorbed in the plasma.  Above 102 nm, 
the plasma becomes increasingly optically thin and N2 emission above 130 nm is predicted to 
escape at the edges of the plasma.  The radiative flux from the center of the plasma to the outer 
radii is a potentially important transport process.  In air plasmas, a large fraction of this escaping 
radiation is absorbed by the Schumann-Runge continuum of molecular oxygen.   
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Figure 26.  SPECAIR simulations of N2 VUV transitions for conditions of the plasma torch.  All calculations 

here assume that the plasma is optically thin. 
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Figure 27.  SPECAIR simulations of six VUV systems of N2.  Upper curve: optically thin plasma.  Lower 
curve: considering self-absorption along the plasma diameter. 
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4. Collisional-radiative modeling of nonequilibrium nitrogen plasmas 
4.1.  Introduction 

To predict nonequilibrium radiation, one needs to predict the populations of the emitting 
internal levels of atoms and molecules under nonequilibrium conditions.  Various forms of 
nonequilibrium can exist.  We distinguish thermal nonequilibrium, where the kinetic temperature 
Tg of heavy species is different from the kinetic temperature Te of the electrons, and chemical 
nonequilibrium.  Local Thermodynamic Equilibrium (LTE) corresponds to the case of both 
thermal and chemical equilibrium.   

 
The nonequilibrium populations of internal energy states can be determined by solving the 

so-called master equation, which is a system of coupled state-specific rate equations (collisional-
radiative model, or CR).  While for atomic species it is usually sufficient to consider 10-100 
electronic states, for molecular species a much larger number of rovibronic levels must be taken 
into account.  Many CR models [38, 72-75] use the simplifying assumption that the rotational 
and vibrational energy levels of molecules are populated according to Boltzmann distributions at 
temperatures Tr and Tv respectively.  In these models, the master equation is solved for 
electronic levels only, with rates obtained by averaging state-specific rates over the rovibrational 
states of each electronic level.  Thus these approaches implicitly assume that departures from 
Boltzmann distributions in rovibrational states are small.   

 
Departures from Boltzmann distributions, at least in the vibrational levels, are fairly common 

however.  Recent experiments conducted at Stanford University [60] with a nitrogen/argon 
plasma forced to recombine within 250 µs from a state of equilibrium at a temperature of 7200 K 
to a state of chemical nonequilibrium at 4720 K have shown that the vibrational levels of certain 
electronic states, in particular the B3Π of N2, can strongly depart from a Boltzmann distribution 
when the concentration of atomic nitrogen is higher than its LTE value.  To predict 
nonequilibrium vibrational populations, a vibrational state-specific collisional-radiative (CR) 
model must be used.  Vibrational state-specific CR models have been developed by several 
authors [76-82].  No model has been proposed that considers transitions between rotational 
levels because of the prohibitive computing times required and the lack of knowledge of accurate 
elementary reaction rates.  However, it is often appropriate to consider that the rotational levels 
follow a Boltzmann distribution because rotational relaxation rates are fast. 

 
In this section, we give an overview of the vibrational state-to-state CR model developed at 

Stanford for nitrogen plasmas [78-80].  This model is presently being extended to air plasmas 
[81].  In Section 5, modeling results obtained with the nitrogen CR model are compared with the 
experimental measurements [60] of N2 B state vibronic population distributions in a 
nonequilibrium atmospheric pressure recombining nitrogen plasma.   
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4.2.  Nitrogen CR model 

4.2.1.  Species and energy levels considered 

The species considered in our nitrogen CR model are N, N+, N2, N2
+, and electrons.  The 

internal structure of N is accounted for by using the 22 grouped electronic levels of Park [8].  For 
N+, only the ground state is taken into account.  The X, A, B, W, B′, and C electronic states of N2 
and the X, A, and B electronic states of N2

+ are included, and all rovibrational levels belonging 
to these states are considered up to the dissociation limit.  As listed in Table 4, the model takes 
into account 192 vibronic levels of N2 and 142 levels of N2

+. 
 

Table 4.  Rovibronic states of N2 and N2
+ in the nitrogen CR model.  Jmax is the highest level considered for 

the ground vibrational level. 

N2 N2
+ 

Electronic state Vibrational 
levels 

Jmax Electronic state Vibrational 
levels 

Jmax 

X 1Σg
+ 0-47 268 X 2Σg

+ 0-52 253 
A 3Σu

+ 0-27 194 A 2Πu 0-63 246 
B 3Πg 0-30 212 B 2Σu

+ 0-24 208 
W 3∆u 0-37 218    
B’ 3Σu

− 0-41 225    
C 3Πu 0-4 136    

 
 

4.2.2.  Reactions considered 

The present nitrogen CR model considers approximately 11,000 reactions that are 
summarized in Table 5.  These reactions include electron impact ionization, excitation, and 
dissociation of atoms and molecules, heavy-particle impact dissociation of molecules, as well as 
electron-impact vibrational excitation of ground state nitrogen (VE transfer), vibrational-
translational (VT) and vibrational-vibrational (VV) transfer, charge exchange, dissociative 
recombination, radiation, and predissociation.  Note that because the model neglects several 
heavy-particle impact processes, it cannot be applied in its present form to plasmas with low 
ionization degree or high translational temperatures.   

 
Details about the CR model and derivation of the vibrational state-specific rate coefficients 

are given in Refs. [78-80].  Additional reactions involving air species are given in Ref. [81].  In 
the following section, we illustrate the derivation of vibrational state-specific rate coefficients 
with the example of electron-impact ionization of ground state N2.  
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Table 5.  Reactions considered in the nitrogen CR model.  X stands for the ground electronic state of a given 
species.  Y”, Y’ refer to any electronic state of molecules.  Z”, Z’ refer to any electronic state of atoms.  M 
stands for any heavy collider (N, N+, N2, or N2

+). 

Reaction Cross-section or 
rate coefficient data 

Remarks 

Ionization   
N(Z”)+e ↔ N+(X)+e+e 
N2(Y”,v”)+e ↔ N2

+(Y’,v’)+e+e 
Drawin [83] 
BEB [84] 

 
X→X, X→A, A→A, 
B→X, W→A, B’→A, 
C→B 

Dissociation   

N2(X,v”)+e ↔ N(X)+N(X)+e 
N2(X,v”)+M ↔ N(X)+N(X)+M 
N2(Y”,v”)+M ↔ N(Z)+N(Z’)+M 
 
N2

+(Y”,v”)+M ↔ N(Z)+N+(X)+M 

Majeed [85] 
Park [8] 
V-T and V-V transfer to 
the last vibrational level  
below dissociation  
limit 

Ground state only 
M=N or N2  
M=N, N+, N2, N2

+  
Y”=A, B, W, B’, C 
M=N, N+, N2, N2

+ 

Y”=X, A, B 

Dissociative recombination   

N2
+(X,v”)+e ↔ N(X)+N(X) Peterson [86] Ground state only 

Charge exchange   

N2(X,v”)+N+(X) ↔ N2
+(X,v’)+N(X) Stebbings [87] Ground state only 

Electronic excitation   

N(Z”)+e ↔ N(Z’)+e 
N2(X,v”)+e ↔ N2(Y’,v’)+e 
N2(Y”,v”)+e ↔ N2(Y’,v’)+e 
N2

+(Y”,v”)+e ↔ N2
+(Y’,v’)+e 

Park [8] 
Cartwright [88] 
Seaton [89], Drawin [83] 
Seaton [89], Drawin [83] 

 
Y’=A, B, W, B’, C 
Y, Y’=A, B, W, B’, C 
Y, Y’=X, A, B 

Vibrational excitation   

N2(X,v”)+e ↔ N2(X,v’)+e 
N2(Y”,v”)+M ↔ N2(Y,v+1)+M 
N2

+(Y”,v”)+M ↔ N2
+(Y,v+1)+M 

N2(X,v1)+N2(X,v2) ↔ N2(X,v1-1)+N2(X,v2+1) 
N2

+(X,v1)+N2
+(X,v2) ↔ N2

+(X,v1-1)+N2
+(X,v2+1) 

Kazansky [90] (VE) 
SSH model (VT) 
SSH model (VT) 
SSH model (VV) 
SSH model (VV) 

Ground state only 
M=N, N+, N2, N2

+  
M=N, N+, N2, N2

+ 

Ground state only 
Ground state only 

Predissociation   

N2(B,12≤v≤18) ↔ N(X)+N(X) 
N2(C,v=4) ↔ N(X)+N(X) 

Geisen [91]  
Equilibrium with N(X) 

Radiation   

N(Z’) ↔ N(Z”)+hν 
N2(Y’,v’) ↔ N2(Y”,v”)+hν 
N2

+(Y’,v’) ↔ N2
+(Y”,v”)+hν 

Park [8] 
Laux [53] 
Laux [53] 
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4.2.3  Example of rate coefficient calculation: N2 ground state ionization by electron impact 

To illustrate the principle of vibrational level specific rate coefficient calculations, we 
discuss here in some detail the case of electron-impact ionization of ground state N2.  We begin 
by considering the elementary ionization reaction between rovibronic level X,v”,J” of N2 to level 
A,v’,J’ of N2

+. 

N2 (X,v”,J”) + e → N2
+ (A,v’,J’) + e + e 

We first determine the rate coefficient of this elementary reaction, then we will average the 
elementary rate coefficients over all initial and final rotational levels of (X,v”) and (A,v’) in 
order to obtain the vibrational state-specific rate coefficient.   

 
Elementary rate coefficients 
The rate coefficient of electron-impact ionization of N2 in rovibronic level (X,v”,J”) 

producing N2
+ in rovibronic level (A,v’,J’) can be written as: 

 ( )
( )

( )
+ +
2 2

2 2

N Av'J' N Av'J'
N Xv"J" N Xv"J"3/ 2

0

8 1 exp
2

e
ee e

K T
kTm kT

+∞  π
= εσ ε  

π  ∫ dε
− ε

ε

)E

 (8) 

where 
2

 is the cross-section of the elementary reaction, m( )
+
2N Av'J'

N Xv"J"σ e is the electron mass, and ε 
the electron energy.  In Equation (8), we have implicitly assumed that the electrons have a 
Maxwellian energy distribution at temperature Te.  (Te is the kinetic temperature of the electrons, 
and is not to be confused with the electronic temperature, noted Tel earlier in this lecture, that 
characterizes a Boltzmann distribution of the electronic levels.)  All rate coefficients of the CR 
model assume Maxwellian energy distributions for electrons and heavy species. 
 

Following Park [8], we consider that the Franck-Condon principle holds for transitions in 
molecules caused by collisions with electrons, and that no change in rotational quantum number 
occurs as a result of such collisions.  Accordingly, we write the elementary cross-section of 
ionization from rovibronic level (X,v”,J”) of N2 to rovibronic level (A’,v’,J’) of N2

+ as: 

  (9) (+
2

2

N Av'J' Av' ' Av'J'
N Xv"J" Xv'J'Xv"

,J
Jqσ = δ χ ε ∆

where designates the Franck-Condon factor, ∆  the ionization energy, and  is equal 
to 1 if J” = J’ and to 0 otherwise.  The reduced cross-section  is calculated with the 
Binary-Encounter-Bethe (BEB) model of Hwang et al. [84], which provides ionization cross-
sections within 15% of experimental values for a wide variety of atoms and molecules.  The 
BEB expression is: 

Av'
Xv"q Av'J'

Xv"J"E '
"

J
Jδ

A'v'J'
Xv"J"( , )Eχ ε ∆

 ( )
2

Av'J' 2
Xv'J' 0 Av'J' 2

Xv'J'

1 ln 1 1 ln, 4 1 1
1 2 1

R tE a N
E t u t t t

    χ ε ∆ = π − + − −   ∆ + +    

t
+

 (10) 
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where R is the Rydberg constant (13.61 eV), a0 is the Bohr radius (0.5292 Å), N is the electron 
occupation number in the shell from which ionization takes place, t stands for ε/  where ε 
is the kinetic energy of the electron, and u stands for U/  where U is the average kinetic 
energy of a bound electron in the shell.  The values of N and U are given by Hwang et al. for 
several molecular orbitals of N

Av'J'
Xv"J"E∆

Av'J'
Xv"J"E∆

2 and O2.   
 
Vibrational state-specific rate coefficients 
To obtain the vibrational state-specific rate coefficient, we sum the elementary rate 

coefficients over all final rotational levels, and we average over the distribution of initial 
rotational levels.  We assume that the initial rotational levels follow a Boltzmann distribution at 
rotational temperature Tr, which is a reasonable approximation for many molecules of interest 
(except the hydrides) owing to fast collisional relaxation of the rotational levels.  The vibrational 
state specific rate coefficient is then: 

 ( ) ( ) ( ) ( ) ( )
+ +

22 2

2 22

N Av' N Av'J'N Xv"
N Xv" N Xv"J"N Xv"

" Jrot

"1, 2 " 1 expe r e
Jr r

F J
K T T J K T

Q T kT
 

= × + − 
 

∑
'

∑

)

 (11) 

where is the rotational partition function of N2 , ,v"
rot
N XQ 2 in level X,v”, and 

2
 is the 

rotational term energy of level J”.  The reverse rates are determined by detailed balance. 
(N Xv" "F J

 
 
 

5. Application of the CR model to the analysis of a nonequilibrium 
recombining nitrogen plasma 

5.1.  Nonequilibrium factors 

In this section, we consider the case of a plasma in thermal equilibrium and chemical 
nonequilibrium.  Thermal equilibrium means that all species have equal kinetic temperatures, 
thus Te = Tg = T.  Chemical nonequilibrium implies that the chemical species are under- or 
overpopulated with respect to their equilibrium concentration at T.  It is convenient to define 
nonequilibrium factors ρS as: 

 [ ]
[ ]

S eq
S

S
ρ =  (12) 

where  and  stand respectively for the actual and equilibrium (at temperature T) number 
density of species or energy level S.  A nonequilibrium factor greater than unity implies that the 
species or state is overpopulated with respect to equilibrium at temperature T.  Accordingly, we 
refer to overpopulation and underpopulation factors of the given state or species. 

[ ]S [ ]eqS
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5.2.  Recombining nitrogen plasma experiment 

Experiments were conducted at Stanford [60] with a recombining atmospheric pressure 
nitrogen plasma.  In these experiments, a mixture of ~100 slpm N2, ~50 slpm argon, and 
~2.3 slpm H2 was inductively heated with a 50 kW RF plasma torch.  Argon was added to 
stabilize the torch operating conditions, and H2 was added for purposes of electron density 
measurement from the Stark-broadened Hβ line.  The experimental set-up is shown in Figure 28.  
The plasma produced by the torch was accelerated to a velocity of ~1 km/s by passing through a 
1 cm diameter torch exit nozzle.  At the exit of the nozzle, the temperature profile was measured 
from the absolute intensity of atomic lines of nitrogen at 746.8 nm.  The centerline temperature 
was found to be approximately 7200 K.  The plasma was then rapidly cooled (within ~250 µs) 
by flowing through a 15 cm-long water-cooled modular brass test-section.   

 

Nozzle
(1cm exit
diameter)

Quartz
Tube

Water
Inlet

Coil

Water
Outlet Gas

Injector

Water
Inlets

Water
Outlets

Modular Brass
Test Section

 
Figure 28.  Schematic cross-section of torch head with test-section. 

 

At the exit of the 15-cm test-section, the temperature profile was measured from the N2
+ first 

negative system, as described in Ref. [60].  The centerline temperature was found to be 
4720±100 K.  (Subsequent measurements [70] using rotational lines of the N2

+ first negative 
system yielded a centerline temperature of 4850±100 K).  In LTE at 7200 K, the plasma 
composition is 55% N, 19% N2, and a balance of argon and hydrogen.  In LTE at 4720 K, the 
composition would be 63% N2, 1.8% N, with a balance of argon and hydrogen.  However, 
because the plasma residence time is shorter than the characteristic time of atomic nitrogen 
recombination, atomic nitrogen recombination tends to freeze and it is expected that the atomic 
nitrogen population at the 15-cm test-section exit will be significantly higher than the LTE value. 
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Figure 29.  Measured and computed LTE spectra of the nitrogen/argon plasma at the nozzle exit.   
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Figure 30.  Measured and computed LTE spectra of the nitrogen/argon plasma at 15 cm downstream of 

nozzle exit. 
 
Absolute emission spectra between 280 and 800 nm were measured both at the nozzle exit 

and at the test-section exit.  These spectra are compared with LTE spectra calculated with 
SPECAIR using the measured gas temperature profiles.  At the nozzle exit the measured and 
LTE spectra are in close agreement (see Figure 29), which supports the existence of near-LTE 
conditions at the nozzle exit.  At the test-section exit, on the other hand, the measured spectrum 
is much more intense than the computed LTE spectrum (see Figure 30).  The differences in the 
range 500-800 nm indicate that the vibrational levels of the N2 B state depart from a Boltzmann 
distribution.  The nonequilibrium vibrational population distribution can be inferred by 
multiplying the equilibrium populations of individual vibrational levels by nonequilibrium 
factors chosen so as to match the measured spectrum (see Figure 31).  The measured distribution 
of nonequilibrium population factors is shown in Figure 32.  In this graph, a Boltzmann 
distribution at Tv= 4720 K would be represented by the straight line ρv=1.  It is clear that the 
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measured distribution is non-Boltzmann, with a marked peak at v=13.  In the rest of the lecture, 
we concentrate on understanding and modeling the nonequilibrium vibrational population 
distribution of the B state of N2.   
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Figure 31.  Radiative intensity emitted by the N2 B-A system at the 15-cm test-section exit:  Measurements, 
LTE SPECAIR spectrum, and non-LTE SPECAIR spectrum obtained with the overpopulation factors of 
Figure 32. 
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Figure 32.  Measured N2 B state vibrational overpopulation factors in the recombining N2/Ar plasma. 

 
5.3.  Analysis of the recombination experiments with the nitrogen CR model 

The nitrogen CR model is used in this section to analyze the recombining nitrogen plasma 
experiments.  We are particularly interested in the nonequilibrium vibrational distribution of the 
B state of N2.  Argon is not included in the CR model, but it is likely that reactions with argon do 
not significantly affect the population of the N2 B state.  We consider therefore the case of a pure 
nitrogen plasma in chemical nonequilibrium.  The CR model calculations are performed by 
making use of the quasi-steady-state (QSS) approximation, which assumes that all excited levels 

 45 



of atoms and molecules are in steady-state, and equations relative to ground levels are replaced 
with mass conservation equations. 

 
The input parameters of the model are the temperature T = 4720 K, the pressure p = 1 atm, 

and the concentrations of the different species, listed in Table 6, at the exit of the 15-cm test-
section.  The electron number density was measured [60] from the Stark-broadened Hβ line and 
found to be 7.3x1013 cm-3, a factor 180 times larger than the LTE electron concentration at 
4720 K.  The N atom overpopulation factor (recall that we expect an overpopulation of nitrogen 
atoms owing to finite nitrogen recombination rate) has been adjusted to obtain the best possible 
agreement with the peak of the distribution at v=13.  Best agreement is obtained with ρN = 8.1).  
The concentrations of N+ and N2

+ have little influence on the N2 B state population.  
Nevertheless, they have been chosen in such a way that the plasma is electrically neutral and that 
the charge exchange reaction N2+N+ ↔ N2

++N is balanced. 
 

Table 6.  Species concentrations used to simulate the recombining nitrogen plasma conditions at exit of 15-cm 
test-section. 

S [S]eq (cm-3) [S] (cm-3) ρS 

N 161.8 10×  171.5 10×  8.1 
N+ 104.8 10×  133.8 10×  ~800 
N2 181.5 10×  181.5 10×  1 
N2

+ 113.5 10×  133.5 10×  100 
e 114.0 10×  137.3 10×  180 

 
The experimental vibrational overpopulation factors are plotted in Figure 33 together with 

three calculation results of the CR model with different values of a few controlling rates.  The 
curve labeled “CR model” was obtained using the baseline rate coefficients of the CR model.  
This calculation reproduces the general shape of the experimental curve, with a peak at v = 13, 
but predicts larger overpopulation factors at v’s above and below 13.   

 
We examine the sensitivity of the predictions by varying selected rates.  Curve (a) was 

calculated by multiplying the N2 (X-A) and N2 (X-B) excitation and de-excitation rates by a 
factor of 4, and by dividing the predissociation rate of level N2 (B,v = 12) by a factor of 5.  Note 
that the value of the N2 (B,v = 12) predissociation rate used in the CR model is an estimate based 
on the value measured by Geisen et al. [91] for v = 13, so that the foregoing adjustment to the 
rate is reasonable.  Similarly, the multiplicative factor of 4 for the X-A and X-B excitation rates 
is not unreasonable, given the uncertainty on cross-sections for these reactions [92].  With these 
modified rates, good agreement is obtained with the experimental curve for v=0-13.   

 
Curve (b) presents another calculation in which the rates are modified as in curve (a) and 

predissociation of levels  is neglected.  Better agreement with the experimental curve is v 14≥
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now obtained for the high-lying levels .  This result may suggest that the predissociation 
rates of levels  are overestimated in the model, but it may also be due to uncertainties on 
other rates.  The SSH-based VT transfer rate, for instance, may be somewhat inaccurate for the 
high lying levels, and multi-quantum jumps may have to be considered.  Moreover, the 
experimental uncertainty on the overpopulation factors of high-lying levels is quite large (see 
Figure 32) because these levels contribute little to the total emission of the first positive system 
of N

v 14≥

8 10

v 14≥

2.  
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Figure 33.  Vibrational overpopulation factors of the N2 B state.  CR model calculation performed with 
T = 4720 K, p = 1 atm, ρe = 180, ρN = 8.1.  (a): CR model with N2 (X-A) and N2 (X-B) electron-impact 
excitation rates multiplied by 4 and the N2 (B,v=12) predissociation rate divided by 5.  (b): same as (a) 
without predissociation of levels v≥14 of N2 (B). 

 
 
Despite the lingering uncertainties on the shape of the vibrational population distribution, the 

results obtained with the baseline CR model reproduce the observed nonequilibrium distribution 
reasonably well.  The most important result of the analysis is that vibrational level v=13 of the B 
state of N2 appears to be fully coupled to the atomic species by predissociation and inverse 
predissociation.  This can be seen by writing the steady-state rate equation for the population of 
N2, B, v=13: 
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The numerical values of the depleting terms that appear in the first bracket, as calculated 
with the CR model, are listed in Table 7.  It can be seen from the table that the predissociation 
term is about 30 times larger than the sum of the other depletion terms.  Similarly, it can be 
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shown that the largest term in the processes populating B,v=13 is the inverse predissociation 
term.  It follows that at steady-state Equation (13) can be approximated by: 

  (14) ( )2

2 .
, ,13 v 13 v 13

pred inv pred
N B Nn k n k= ≈ =

=

Using superscript eq to designate equilibrium concentrations, we also have the following 
relation: 

  (15) ( )2

2 .
, ,13 v 13 v 13

eq pred eq inv pred
N B Nn k n k= =

Dividing Equation (14) by Equation (15), we obtain: 

 (2 2

2

, ,13 , ,13
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N B N B N Nn n n n≈ )

ρ

  

which using nonequilibrium factor notation can finally be written as: 

 
2

2
, ,13N B Nρ ≈  (16) 

Equation (16) expresses a very interesting relation, namely that the overpopulation of the 
N2,B,v=13 state is approximately equal to the square of the overpopulation factor of atomic 
nitrogen in the ground state.  This relation means that it is possible to use emission spectroscopy 
to infer ground state atomic nitrogen concentrations.  For our experimental conditions, the 
overpopulation factor of v=13 is measured to be ρN2,B, v=13 = 66±4.  Thus the overpopulation of 
nitrogen atoms is approximately 8.1±0.3.  At 4720±100 K, the equilibrium concentration of 
nitrogen atoms in the nitrogen/argon plasma mixture is 1.8±0.4×1016 cm-3.  Multiplying this 
number by the measured overpopulation factor ρN, we infer a nonequilibrium nitrogen atom 
concentration of 1.5±0.4×1017 cm-3.  Note that relation (16) is also valid at pressures lower than 
one atmosphere because the various depletion terms decrease with decreasing pressure and 
therefore become even more negligible relative to the rate of predissociation. 

 
The CR model also predicts the populations of additional vibronic states.  Figure 34 shows 

the vibrational overpopulation factors of the X, A, B, W, B′, and C states of N2 as a function of 
the vibrational quantum number v, calculated with the same modified rates as curve (a) of Figure 
33.  All states have overpopulation factors of low-lying levels in the range 2 to 4, which 
indicates that they are in partial equilibrium with each other.  The overpopulation factor of the X, 
A, and C states increase steadily with v to reach values close to that corresponding to 
dissociation equilibrium.  The W state overpopulation curve exhibits two inflexion points, and 
the B′ state overpopulation curve has a local maximum similar to that of the B state.  These 
behaviors are caused by collisional coupling with predissociating levels of the B state. 
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Table 7.  Reaction rates (normalized by the population of nN2,B,v=-13) for the major depletion mechanisms of N2 
(B,v=13) in a nonequilibrium nitrogen plasma (T=4720 K, P=1 atm, ρe=135, ρN=8.1).   

Term from Eqn. (13) s-1 Description 

v 13
predk =  2.6×108 Predissociation 

13v"A∑  2.0×106 Radiation 

( )13 14 13 12
M VT VTn k k→ →+  6×106 Vibrational-translational excitation 

e
e ionn k  negligible Electron impact ionization 

,13
e

e B Xn k →  3.7×104 Electron impact excitation to X state 

,13
e

e B An k →  

,13
e

e B Wn k →  

,13 '
e

e B Bn k →  

,13
e

e B Cn k →  

3.7×105 

3.7×106 

3.8×104 

60 

Electron impact excitation to A state 

Electron impact excitation to W state 

Electron impact excitation to B’ state 

Electron impact excitation to C state 
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Figure 34.  Vibrational overpopulation factors of the X, A, B, W, B′ and C states of N2.  Same conditions as 

curve (a) of Figure 33 
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6. Conclusions  
Significant advances in Fourier-transform spectroscopy (FTS) and computational chemistry 

during the past decades have resulted in a wealth of accurate spectroscopic information for most 
radiative transitions of importance in air plasmas.  Thanks to these results, equilibrium radiation 
codes are now well in hand and can predict equilibrium radiation with a typical accuracy of the 
order of 20%.  However, it should be emphasized that most FTS measurements have been 
performed in relatively cold sources in which only the low-lying rotational levels are observed 
(typically up to J=30).  Currently our radiation models rely on extrapolations of these FTS 
results to predict the high rotational levels (often up to J=100) commonly observed in plasmas.  
Plasma radiation modeling could clearly benefit from FTS measurements in hot sources.   

Because the characterization of re-entry flow radiation by onboard detectors can only be 
conveniently performed using optical emission spectroscopy, it is clear that accurate CR models 
are needed to infer species concentrations and temperatures from emission measurements.  
Collisional-radiative models have recently emerged that can predict certain nonequilibrium 
plasma conditions reasonably well.  In this lecture, we showed how a nitrogen CR model can be 
used to understand and predict the nonequilibrium radiation emitted by a recombining nitrogen 
plasma at atmospheric pressure.  One important result was that the nonequilibrium emission 
from the N2 B state can be used to measure the concentration of ground state atomic nitrogen, 
hence the dissociation fraction of nitrogen in the flow-field.  Previously, the only methods to 
measure ground state nitrogen concentration were VUV absorption and two-photon LIF, which 
are considerably more difficult to implement than the presently proposed technique.   

The reader should be aware that considerable uncertainties remain on many of the state-
specific reaction rates.  Accurate cross-sections are needed, in particular for state-specific 
electron and heavy-particle impact dissociation and excitation rate coefficients.  At low pressure, 
it is also important to take into account possible departures from a Maxwellian distribution for 
the free electrons [82].  Finally, detailed measurements in nonequilibrium flows are required to 
test and validate the nonequilibrium models. 
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